We study the ground state and excitations of a one-dimensional trapped polarized Fermi gas interacting with a single impurity. First, we study the tunnelling dynamics of the impurity through a potential barrier, such as one effectively created by a double-well trap. To this end, we perform an exact diagonalization of the full few-body Hamiltonian and analyze the results in a Local Density Approximation. Off-diagonal and one-particle correlation matrices are studied and are shown to be useful for discerning between different symmetries of the states. Second, we consider a radiofrequency (RF) spectroscopy of our system and the resulting spectral function. These calculations can motivate future experiments, which can provide a further insight into the physics of a Fermi polaron.
I. INTRODUCTION
Interacting ultracold Fermi gases in continuum and trapped in optical lattices provide clean setups for experimental realizations of models essential for our understanding of the more complex condensed-matter systems. Since the interactions between fermions, combined with the Pauli exclusion principle, can lead to very complicated physics, it has always been instructive to simplify the system as much as possible and to consider a mostly non-interacting Fermi gas, where only one particle (an impurity) can interact with other atoms. It is even more instructive to study interactions of such an impurity with only a few atoms of the non-interacting species. What is more, a recent progress in confining ultracold gases and in detection techniques has allowed for trapping and studying just a few atoms with an unprecedented control. A single impurity atom interacting with a few identical fermions in one dimension (1D), schematically represented in Fig. 1 , was experimentally realized, as described in Refs. [1, 2] . The equation of state was measured starting with only one atom in each component and then increasing the number of majority atoms one by one. It was found that in one-dimensional geometry five atoms were already sufficient to find a good agreement between the measured polaron energy shift and the exact result for a single impurity interacting with a homogeneous Fermi gas by McGuire [3, 4] . Such a quick arrival to the thermodynamic limit suggests that in a one-dimensional geometry a few fermions are already many. These experiments allow for studying the mesoscopic counterpart of the socalled Fermi polaron problem. The latter received much attention in the past decade thanks to a joint experimental and theoretical effort (see, e.g., [5] and references therein). Many properties such as the energy, effective * Electronic address: marek.tylutki@aalto.fi (1), but the oscillations are affected by the presence of a background gas of single-species fermions. The pair-wise quasi-degeneracy of the low lying single particle energy levels, where each pair contains states with an odd and an even wave function, is responsible for the "shell" structure of the resulting spectrum.
mass, lifetime as well as some coherence properties of the polaron have been experimentally addressed. Evidence of a stable polaron quasi-particle on the repulsive branch has also been reported [6, 7] . As far as the dynamics is concerned, the information about the dressed particle is carried by the relative motion of the impurity and the Fermi bath. For instance, the effective mass can be extracted by measuring out-of-phase modes [8] . Yet, in the presence of a three-dimensional large bath, the relative dynamics consists of many strongly damped modes, and the dynamics of dressed impurity is often dominated by decaying processes [8, 9] . On the other hand, in a one-dimensional small bath, it is possible to have long living modes. Moreover, for a small number of particles, exact results for both static and dynamic properties can be obtained by exact diagonalization (ED). Such systems were already studied theoretically to some extent, beginning with an analytical solution for two harmonically trapped atoms by Busch et al. [10] . The limit of strong repulsion is very peculiar in 1D, as it effectively plays the role of the Pauli exclusion principle and leads to fermionization; it was investigated for several particles in Refs. [11] [12] [13] . In Ref. [14] such a two-component Fermi system was studied with a mapping to an effective spin chain, and in Ref. [15] by constructing an energy functional. A numerical method for extracting the information about excitations corresponding to the relative motion of the particles in a harmonically trapped Fermi gas was developed recently [16] . However, it is important to understand how the interaction with the background gas affects tunnelling properties of a polaron through a thin barrier, such as present in a double-well trap. Such traps were investigated for both bosons [17, 18] and fermions [2, 19] .
In the present work, we study the motion of an impurity coupled to a few identical Fermi atoms in a onedimensional trap. In particular, we address the question of the frequency shift of the dipole mode of the impurity in a harmonic trap as well as the renormalization of the tunnelling frequency in the case of a double-well potential. We anticipate that also in the latter case an inhomogeneous extension [20] of the McGuire expression gives very reasonable results.
The paper is organized as follows. After defining our system in Sec. II, we start with the description of the polaron system in the Local Density Approximation (LDA) with McGuire formula in Sec. III and then compare it with the results obtained with ED. We study the dynamics of the oscillations in harmonic and double-well potentials in Sec. IV, and compare it with system's eigenenergies and with a sum-rule approach. Finally in Sec. V the spectral function for the impurity spectroscopy is determined using the Fermi's Golden Rule.
II. THE SYSTEM
We consider N ↑ Fermi atoms interacting with one impurity atom denoted by the subscript ↓, whose dynamics is constrained to 1D and in presence of an external potential. The trapping potential can be either a standard harmonic confinement or a double-well potential. We model it as
with the value of the constant offset C such that the minimal value of the potential is equal to zero; the simple harmonic potential case corresponds to V 0 = C = 0. Our system is schematically represented in Fig. 1 . The manybody Hamiltonian can be written as
where ψ ↑ (x) is the field of the background polarized Fermi atoms and ψ ↓ (x) is the field of the impurity. The field operators for the Fermi gas obey usual anticommutation relations: {ψ ↑ (x), ψ † ↑ (x )} = δ(x − x ) and {ψ ↑ (x), ψ ↑ (x )} = 0, whereas the statistics of the impurity does not matter. The operator h 0 = − 1 2h 2 ∇ 2 /m + V (x) stands for the single-particle Hamiltonian, while
2 /(ma 1D ) is the coupling constant in a homogeneous system in terms of the one-dimensional swave scattering length a 1D . When the dynamics is confined to 1D by a tight transverse harmonic confinement, the effective scattering length can be expressed in terms of the 3D scattering length, a 3D , and the oscillator length of the tight confinement, ξ ⊥ , i.e. [21] . In the following we use
as the units of length, energy and the coupling constant, respectively.
III. RESULTS

A. Non-uniform McGuire formula
In order calculate the polaron energy, i.e. the shift of the energy of the system due to the interaction between the impurity and the polarized gas, we first adopt an approach based on the McGuire expression [3, 4, 20] , where the energy shift of the impurity in a uniform system is given by
Here E F =h 2 π 2 n 2 /(2m) is the Fermi energy of the uniform non-interacting gas and n its density. The ratio between the interaction and the kinetic energy, a.k.a. the Lieb-Liniger parameter
determines the strength of interactions in a homogeneous system and reads as γ = −2/(na 1D ) in terms of the onedimensional s-wave scattering length a 1D . We generalize formula (4) to a non-uniform system by substituting the corresponding Fermi wave vector, k F , in Eq. (5) according to
where µ ↑ is the chemical potential of the majority component (i.e. a polarized Fermi gas) in the external trap (either a harmonic oscillator or a double well) in the absence of the impurity. For a harmonic trap this expression takes a particularly simple form,
The resulting polaron energy as a function of the number of majority atoms and for various strengths of the coupling constant g 1D is shown in Figs. 2 and 3 for a harmonic trap and a double-well potential respectively. The predictions of Eq. (4), shown with a dashed line, follow closely the results of ED (see the next Section), which are marked with crosses. The corrected McGuire expression gives a very accurate result for a few body system in the presence of a harmonic confinement, as noted in [20] . Here, we find a good agreement in presence of a double-well potential (except for the case of N ↑ = 1 particles with repulsive interaction), which suggests that the generalization of the McGuire formula can be used for trapped impurities. In particular, for a double-well potential the energy shift of an impurity clearly shows formation of "steps" as the number of particles is increased one by one. This is due to almost degenerate structure of the low-lying energy levels. Because of the presence of the barrier and the symmetry of the potential under parity transformations (x → −x), there is little difference between a state whose wave function has an extra node in the centre and a state whose wave function has one node less and is only exponentially suppressed by the barrier. This effect can be interpreted as a "shell" structure with two fermions occupying each shell. The higher the barrier between the wells, the smaller the level splitting, because the wells are more independent. As a consequence, the Fermi energy grows with adding subsequent spin-↑ atoms only after filling both levels in every pair. The discrepancy between the generalized McGuire expression and the exact result grows with the height of the potential barrier, because the energy levels are becoming pairwise quasidegenerate, and these pairs are further apart from each other.
B. Exact diagonalization
We study the system with the exact diagonalization, which is very useful for out-of-equilibrium phenomena [18, 19, [22] [23] [24] [25] . The field operators can be decomposed as: ψ σ (x) = n a σ,n ϕ n (x), with σ =↑, ↓ and ϕ n 's forming a complete eigenbasis of h 0 , h 0 ϕ n = n ϕ n . The operators a ↑n and a ↓n are annihilation operators of ↑ and ↓ fermions in the single-particle state n, respectively. The Hamiltonian then reads
with
An example of energy spectra is shown in Fig. 4 for harmonic oscillator and double-well potentials. The horizontal lines We can see, that the spectra for a double-well are pairwise almost degenerate (i.e. blue and red lines overlap) which reflects the structure of the single-particle spectrum.
correspond to the fully antisymmetric states, which are therefore insensitive to interaction. For large positive values of the interaction strength, the impurity starts behaving like an additional fermion of the majority component, and the spectrum looks like that of a non-interacting gas of N ↑ + 1 fermions. This is known as a fermionization limit in analogy to the corresponding case of strongly repulsive bosons. Before studying the dynamics, we determine the ground state one-particle density matrices and the corresponding density profiles of the atoms. The density profile of the component σ is the diagonal part of the one-particle density matrix,
|η for the system in the state |η . Figure 5 shows the densities of the impurity embedded in three spin-↑ fermions for three different regimes of the interaction parameter. In a harmonic trap, when the system becomes non-interacting (g 1D = 0), the impurity takes the Gaussian shape of a free particle, while the Fermi gas shows three clear peaks of Friedel oscillations corresponding to three spin-↑ fermions. For strong attraction, g 1D → −∞, the impurity forms a strong bound state with one fermion. In a homogeneous system it was shown by McGuire in Ref. [4] that the energy in this limit is consistent with that of a molecule which does not interact with N ↑ − 1 ideal Fermions. Thus the impurity, "decreases" the number of ideal fermions by one, as one of the fermions effectively becomes "distinguishable" from the others due to the strong binding. Formally, expanding the McGuire expression for the excess energy up to second order in a we get
The first term corresponds to the binding energy of the molecule, while the second terms corresponds to the removal of the bound fermion from the bath. The nextorder positive correction can be interpreted as a repulsive interaction between the molecule and the majority fermions, which results in a broader density profile of the two components, as we indeed report in Fig. 5 . In a trapped system the density of a molecule, located at the centre of the trap, is superimposed with that of an ideal Fermi gas of N ↑ − 1 particles showing the Friedel oscillations, n ↑ (x) = (1 + 2x Fig. 5 ). The molecule, having a mass twice as large as an atom, is expected to be localized at the centre of the trap, enhancing the central peak in the total density,
2 (black dotted line in Fig. 5 ). This peak at the trap's centre masks the Friedel oscillation minimum in the density of N ↑ − 1 = 2 polarized fermions. The larger widths of the profiles can be attributed to the repulsion between the molecule having a double effective mass and effectively reduced in number ↑-fermions.
For strong repulsion, g 1D → +∞, McGuire has shown that in a homogeneous system the energy is comparable to that of N + 1 ideal fermions [3] . Also in a trap a similar effect is observed for the energy, which in this limit becomes degenerate (see Fig. 4 ), so that there are states in the degeneracy manifold with different density profiles and the same energy. At the same time, the total density of the entire system now features four peaks instead of three (compare with Refs. [26, 27] ) so that the impurity effectively plays a role of an additional ideal fermion. The state which is adiabatically connected to the ground state in g 1D → −∞ limit, where the molecule is localized in the centre, has similarly the impurity localized in the centre. Since in our system the masses are equal, m ↑ = m ↓ , and the SU (2) symmetry is therefore preserved, the LiebMattis theorem holds [28] . However, should the mass ratio be different from one, m ↑ /m ↓ = 1, the ground state could be interpreted as a few-body counterpart of a ferromagnetic phase separation [23] . At the same time the different degenerate states have different symmetries. A fully antisymmetric state, which corresponds to a horizontal line in the spectrum (compare with Fig. 4) , has a density profile corresponding to N ↑ + 1 non-interacting fermions for both impurity and a majority component, see Fig. 6 . For a finite value of g > 0, the degeneracy is lifted and the energy is bounded from above by the fully antisymmetric state and from below by the "molecular" state in which in the impurity is localized in the centre.
Some of the features are also preserved in the double- It can be clearly seen, that, for strong repulsion, initially noninteracting impurity starts behaving like the fourth fermion. The total density (shown with a green dashed line), i.e. n ↑ + n ↓ , coincides with that of N ↑ = 4 non-interacting Fermi gas. For the harmonically trapped system in the strong attraction limit, the density of N ↑ = 2 Fermi gas and that of a non-interacting molecule (of mass mM = 2m) are shown (dashed and dotted black lines, respectively). For definitions of the units, see Eq. (3). well potential. Here, for a high barrier, all particles are localized in the two wells. For strong attraction, g 1D → −∞, this localization is even more prominent than in the non-interacting case, with very little tunnelling between the wells. The difference from the harmonic oscillator case is that the molecule can no longer stay in the centre of the trap, resulting in a degeneracy between the impurity staying in the left and the right well. For strong repulsion, g 1D → +∞, on the other hand, the particles approach the fermionization limit, and the densities add up to a total density of N ↑ + 1 = 4 non-interacting fermions seen as two Friedel oscillations of the density in each well. The ground state spin-resolved densities remain, however, different for the two components, as was the case for the harmonic trap.
Similarly to the harmonic oscillator case, there is a degeneracy between different states with their energy bound from above by the constant energy of the fully anitsymmetric state. Further understanding of the strongly interacting regime is obtained by inspecting the full one-particle reduced density matrices. Since the Hamiltonian (7) conserves the number of particles for each spin separately, and therefore ψ † ↓ ψ ↑ = 0, the total density matrix of the system equals ρ (↑) (x, x ) + ρ (↓) (x, x ). In the off-diagonal terms of one-particle density matrices ρ (↑) (x, x ) and ρ (↓) (x, x ) reported in Fig. 7 and in ρ (↑) (x, x )+ρ (↓) (x, x ) reported in Fig. 8 one can clearly see the difference between the fermionized impurity and a system of N ↑ + 1 non-interacting fermions. (d) show the correlation matrices of the polarized gas, ρ (↑) (x, x ), for a harmonic trap and double-well potential respectively. In the strong repulsion case we can see distinct peaks along a diagonal corresponding to the Friedel oscillations of the density. Higher intensities (brighter colours) correspond to higher values of the one-particle density matrix. In each panel, axis ranges for both x and x vary from −4ξ0 to 4ξ0.
In the case of g 1D = 0 the correlation function of the impurity can be simply calculated as ρ (↓) (x, x ) = ϕ * 0 (x)ϕ 0 (x ) and of the polarized Fermi gas as
We plot it for comparison with the total one-particle density matrix of the interacting system in Fig. 8(c)-(f) . It is clear that the structure of the off-diagonal elements of total one-particle density matrix, that of N ↑ + 1 non-interacting fermions. These are signatures of the distinguishability between the strongly repulsive impurity and the majority fermions.
IV. DYNAMICS A. Oscillations in time
Since our system is small, it allows for a thorough numerical investigation of its out-of-equilibrium properties; in particular the tunnelling dynamics of the polaron. To this end, we initialize the system as a product state with the impurity localized mostly on one side of the trap (in one of the wells in the case of the double well), i.e. the impurity as a linear combination of the two lowest lying single-particle states, (|0 ↓ − |1 ↓ )/ √ 2; the majority atoms are in their non-interacting ground state,
The system is then let evolve with the full Hamiltonian Eq. (7). For completeness and for comparison we also study the same quench but for a polaron oscillating in a harmonic trap. Figure 9 (a) shows the mean position of the impurity, x ↓ (t) , as it evolves in time in a harmonic trap. The beats indicate the interference of two frequencies. Indeed, the impurity mode would be a combination of the centre-of-mass motion with frequency ω 0 and of the relative motion with frequency ω 1 . These two frequencies are responsible for beats observed in the time evolution of x ↓ (t) , with frequencies of (ω 1 +ω 0 )/2 and |ω 1 −ω 0 |/2. It is easy to extract ω 1 carrying information about the bath-impurity correlations. As a check, the centre-ofmass position
shown with a faint line in Fig. 9(a) , corresponds to a harmonic oscillation with ω = ω 0 , i.e. the Kohn mode [29] . In Fig. 9(b) we present The faint green line shows the sum of x ↓ (t) + i xi(t) , i.e. the centre-of-mass motion. As expected, it adds up to a perfect harmonic oscillation with a trap frequency ω0. In (b) the oscillations in a double-well potential, with much lower frequency due to a barrier tunnelling (V0 = 5hω0). In both cases the solid line corresponds to the interaction g1D = 0.4 g0. In panel (b) the dashed line represents g1D = 0 for comparison. the evolution of mean impurity position, x ↓ (t) , in the double-well trap with the same coupling strength as in panel (a), g 1D = 0.4g 0 (the dashed line shows the oscillations for g 1D = 0). In this case, the impurity oscillations are due to tunnelling through a barrier, therefore they are much slower and without beats.
In order to get further insight into the frequency spectrum, we perform a Fourier transform of the time series, x ↓ (ω) = dt e −iωt x ↓ (t) , and extract the oscillation frequencies. We start with the harmonic potential. The frequency spectrum in this case is shown in Fig. 10(a) and contains two aforementioned frequencies corresponding to the oscillation of the centre-of-mass and to the relative motion of the particles. For attractive (repulsive) interactions, ω 1 is larger (smaller) than ω 0 , since it requires more (less) energy to separate the two species of particles, therefore increasing (decreasing) the restoring force for the relative motion. It is worth noticing that the signal for the out-of-phase mode is very sharp for the attractive interaction, while it is much broader for the repulsive one.
In the double-well trap, see Fig. 10(b) , the centre-ofmass motion does not perform harmonic oscillations, and the system has a single oscillation frequency. Again, the behaviour with respect to the non-interacting case (Fig.  10(b) for g = 0) is opposite for attractive and repulsive interactions. In this case, however, attraction (repulsion) corresponds to a lower (higher) frequency, since the impurity prefers to localize more (less) in the single well, decreasing (increasing) the splitting between the two lowest energy levels. Finally, if the interaction is very large, the oscillations lose their regularity, and the corresponding peak in the Fourier transform significantly broadens. The splitting between the low-lying energy levels of the spectrum,h
can give a good estimate of the oscillation frequency of the impurity, ω. Physically, it is similar to the oscillation of a two-level system, whose time evolution is given by
Depending on the symmetry of oscillations (centre-of-mass or relative motion), splitting between relevant energy levels should be considered. In Fig. 10 we show that this level splitting coincides with the lowest frequency of the Fourier spectrum (vertical green dashed lines).
B. Sum rules approach
A powerful method to estimate and understand the frequencies of different modes of a system is the so called sum-rule approach (see, e.g., [30] and reference therein for its application to ultracold gases). The method is based on determining the frequency moments of the structure factor
for a certain operator F corresponding to the mode of interest. In Eq. (11) E is the energy of the excitation, |η are the eigenstates of the full Hamiltonian in Eq. (2), H|η = η |η , while |η 0 denotes its ground state. Since we are interested in the position of the atoms, we consider as F the operators of position of the impurity and of the polarized gas,
or their combinations as a dipole and a centre-of-mass operators.
Within the sum-rule approach the oscillation frequency can be estimated from the ratio of the moments as
where the moments of the structure factor are defined as
For our operators F,
does not depend on the interaction and corresponds to the f-sum rule. On the other hand, m −1 is proportional to the susceptibility related to the operators F. The behaviour of the collective mode frequency ω 1 in a harmonic trap is easily explained, since m −1 (F − ) is proportional to the spin susceptibility [31] . For an attractive (repulsive) interaction the susceptibility decreases (increases) with respect to its non-interacting value. Indeed, in Fig. 10 the sum rule approach for the operator F − (red dashed line) gives a good account of ω 1 , showing that this frequency corresponds to the out-of-phase mode. While the impurity motion (red solid line) takes contribution from both the centre of mass and the relative motion. On the other hand, our operator F − is not well defined in the double well, since the centre-of-mass and the relative motion are coupled. As expected, in this case, the sum rule gives a better result when considering the single impurity operator X ↓ . 
V. RF SPECTROSCOPY
One of the most powerful methods to characterize the polaron experimentally is the radio-frequency (RF) spectroscopy (see, e.g. [32] and references therein). With this method, the spectral function I(E) of the impurity is measured by applying an RF pulse to the impurity. This pulse changes its internal (hyperfine) state. When a continuous signal is applied instead of a pulse, it is possible to induce Rabi oscillations of the impurity, which also carry information about the coherence of the polaron, and from which it is possible to extract information similar to that obtained by measuring the spectral function [6, 7] .
We consider a system where the impurity has two internal states, which we label as | ↓ 2 and | ↓ 3 , and we add a Rabi coupling term to the Hamiltonian,
with Φ(x) = (ψ ↓2 (x), ψ ↓3 (x)) T and σ x the first Pauli matrix. This term allows for oscillations of the impurity between the state that interacts with the polarized gas and the non-interacting state. Similarly to the case studied in previous paragraphs we may decompose the field operators into single-particle modes ψ(x) ↓α = n a ↓α, n ϕ n (x) with α = 2, 3, and where a ↓2 and a ↓3 are annihilation operators of the two internal states of the impurity. In 
We assumed as an approximation that only one of the states of the impurity, labelled here as | ↓ 3 , interacts with the polarized gas. The spectral function is related to the response of the system to the term H Ω in the Hamiltonian, i.e. to the absorption of the RF beam in the atomic cloud. The latter can be determined by Fermi's Golden Rule, taking the impurity to be initially in the noninteracting state | ↓ 2 . Therefore, the response of the system to H Ω = 1 2 Ω R i a † ↓3,i a ↓2,i + H.c. reads
where |η are the eigenstates of the Hamiltonian (17) with Ω R = 0 (the interacting eigenstates) and |η 0 is the ground state. The results are shown in Figs. 11 and 12 . At g 1D = 0, there will be only one peak at zero energy, as the matrix element in Eq. (18) will be proportional to δ ηη0 . For interacting system the spectral function will be, in general, given by a coherent polaron peak and an incoherent particle-hole spectrum. For our small system and for a harmonic confinement, the spectral function is dominated by the coherent peak at the polaron energy reported in Fig. 2 . For the double well, a sort of closed "shell" effect is present. For N ↑ = 1 (aside from the polaron peak, which is very close to zero and almost independent of the interaction due to the almost degenerate symmetric and antisymmetric state) there appears a second peak corresponding to higher energy excitations. Instead, for N ↑ = 2, the scattering is with the closed ↑ "shell", and the impurity gives a spectral function completely dominated by the polaron peak (see also Fig. 3) . The predicted spectral function should be accessible experimentally, also for our small system.
Conclusions.-We studied the tunnelling properties of the Fermi polaron and its Rabi oscillations in harmonic and double-well traps. Using LDA and exact diagonalization we obtained polaron energies that agree well with the McGuire formula (4) generalized to non-uniform systems. Clear steps in the polaron energy are a signature of a double-well potential and can be observed experimentally. We also showed that the dynamics of tunnelling through a barrier can be inferred from the spectrum of the system and from its structure factor. Finally, we calculated the spectrum and Rabi oscillations of an impurity that has two internal states. There is a possibility of an experimental measurement of these quantities; such an experiment should be feasible given the current progress in the field. This in turn should contribute to our understanding of the physics of Fermi polaron and interactions between fermions of two species.
